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WAVE PACKET FRAMES GENERATED BY HYPONORMAL
OPERATORS ON L2(R)
LALIT KUMAR VASHISHT
PRINCIPAL INVESTIGATOR
Abstract. In this paper we study frame-like properties of a wave packet sys-
tem by using hyponormal operators on L2(R). We present necessary and suffi-
cient conditions in terms of relative hyponormality of operators for a system to
be a wave packet frame in L2(R). A characterization of hyponormal operators
by using tight wave packet frames is proved. This is different from a method
proved by Djordjevic´ by using the Moore-Penrose inverse of a bounded linear
operator with a closed range. We extends some results by Kaushik, Singh and
Virender to wave packet frames generated by hyponormal operators .
1. Introduction
Frames in Hilbert spaces are a redundant system of vectors which provides a
series representation for each vector in the space. Duffin and Schaffer [11] in 1952,
introduced frames for Hilbert spaces, in the context of nonharmonic Fourier series.
Frames were revived by Daubechies, Grossmann and Meyer in [8]. For applications
of frames in various directions, see [3, 4]
Feichtinger and Werther [12] introduced a family of analysis and synthesis sys-
tems with frame-like properties for closed subspaces of a separable Hilbert space H
and call it an atomic system (or local atoms). The motivation for the atomic system
is based on examples arising in sampling theory. One of the important properties
of the atomic system is that it can generate a proper subspace even though they
do not belong to them.
Definition 1.1. [12] Let H be a Hilbert space and let H0 be a closed subspace of
H. A sequence {fk} ⊂ H is called a family of local atoms (or atomic system) for
H0, if
(i) there exists a real number B > 0 such that ‖{〈f, fk〉}‖2ℓ2 ≤ B‖f‖2 for all
f ∈ H,
(ii) there exists a sequence of linear functionals {ck} and a real number C > 0
such that
‖{ck(f)}‖2ℓ2 ≤ C‖f‖2 for all f ∈ H0
and
f =
∞∑
k=1
ck(f)fk for all f ∈ H0.
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Gaˇvruta in [14] introduced and studied K-frames in Hilbert spaces to study
atomic systems with respect to a bounded linear operator K on Hilbert spaces.
Definition 1.2. [14] Let H be a Hilbert space and let K be a bounded linear
operator on H. A sequence {fk} ⊂ H is called a K-frame for H, if there exist
constants A,B > 0 such that
A‖K∗f‖2 ≤
∞∑
k=1
|〈f, fk〉|2 ≤ B‖f‖2 for all f ∈ H. (1.1)
The lower inequality in (1.1) is controlled by a bounded linear operator on H.
It is observed in [14] that K-frames are more general than standard frames in the
sense that the lower frame bound only holds for the elements in the range of K,
where K is a bounded linear operator on the underlying Hilbert space. Gaˇvruta in
[14] characterize K-frames in Hilbert spaces by using bounded linear operators.
It would be interesting to control both lower and upper frame condition in (1.1)
by bounded linear operators on H. In this direction, we study frame-like properties
of an irregular wave packet system in L2(R), where both lower and upper frame
conditions are controlled by bounded linear operators on L2(R) (see Definition 3.1).
The wave packet system is a family of functions generated by combined action
of dilation, translation and modulation operators on L2(R). More precisely, we
consider a system of the form
{DajTbkEcmψ}j,k,m∈Z, (1.2)
where ψ ∈ L2(R), {aj}j∈Z ⊂ R+, b 6= 0 and {cm}m∈Z ⊂ R and call it irregular
Weyl-Heisenberg wave packet system (or simply wave packet system) in L2(R). A
frame for L2(R) of the form {DajTbkEcmψ}j,k,m∈Z is called an irregular wave packet
frame (or wave packet frame). The wave packet system was introduced by Cordoba
and Fefferman [6] by applying certain collections of dilations, modulations and
translations to the Gaussian function in the study of some classes of singular integral
operators. Later, Labate et al. [20] adopted the same expression to describe, more
generally, any collection of functions which are obtained by applying the same
operations to a finite family of functions in L2(Rd). More precisely, Gabor systems,
wavelet systems and the Fourier transform of wavelet systems are special cases of
wave packet systems. Lacey and Thiele [21, 22] gave applications of wave packet
systems in boundedness of the Hilbert transforms. The wave packet systems have
been studied by several authors, see [7, 15, 17, 18, ?, ?].
1.1. Outline: This paper is organized as follows: In Section 2, we give basic defini-
tions and results which will be used throughout the paper. Section 3 is devoted to
the study of frame-like properties of irregularWeyl-Heisenberg wave packet systems.
We introduce Θ-irregular Weyl-Heisenberg wave packet frame (in short, Θ-IWH
wave packet frame) for L2(R), where Θ is a bounded linear operator on L2(R) (see
Definition 3.1). This type of wave packet frame can control both lower and upper
frame conditions by bounded linear operators on L2(R) . The Θ-IWH wave packet
frame (in the context of standard Hilbert frame) for a Hilbert space is a K-frame,
but converse is not true (see Example 3.2). Furthermore, the Θ-IWH wave packet
frame control both lower and upper frame conditions by bounded linear opera-
tors. Necessary and sufficient conditions for a certain system to be a Θ-IWH wave
packet frames for L2(R) by using hyponormality of operators on L2(R) have been
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obtained. A characterization of hyponormal operator in terms of a special type of
tight wave packet frames for L2(R) is given. This is different from a method proved
by Djordjevic´ in [9] by using the Moore-Penrose inverse of a bounded linear oper-
ator with a closed range (see Theorem 3.7). The linear combinations of frames or
redundant building blocks are important in applied mathematics, we discuss linear
combinations of Θ-IWH wave packet frames for L2(R) in Section 4.
2. Preliminaries
In this section, we recall basic notations and definitions to make the paper self-
contained. Let H be a separable real (or complex) Hilbert space with inner product
〈., .〉 linear in the first entry. A countable sequence {fk} ⊂ H is called a frame
(or Hilbert frame) for H, if there exist numbers 0 < ao ≤ bo <∞ such that
ao‖f‖2 ≤
∞∑
k=1
|〈f, fk〉|2 ≤ bo‖f‖2 for all f ∈ H. (2.1)
The numbers ao and bo are called lower and upper frame bounds, respectively. They
are not unique. If it is possible to choose ao = bo, then the frame {fk} is called
Parseval frame (or tight frame).
The scalars
γ0 = inf{bo > 0 : bo satisfies (2.1)}
δ0 = sup{ao > 0 : ao satisfies (2.1)}
are called the optimal bounds or best bounds of the frame.
Associated with a frame {fk} for H, there are three bounded linear operators:
synthesis operator V : ℓ2 → H, V ({ck}) =
∞∑
k=1
ckfk, {ck} ∈ ℓ2,
analysis operator V ∗ : H → ℓ2, V ∗(f) = {〈f, fk〉}, f ∈ H,
frame operator S = V V ∗ : H → H, S(f) =
∞∑
k=1
〈f, fk〉fk, f ∈ H.
The frame operator S is a positive, self-adjoint and invertible operator on H.
This gives the reconstruction formula for all f ∈ H,
f = SS−1f =
∞∑
k=1
〈S−1f, fk〉fk
(
=
∞∑
k=1
〈f, S−1fk〉fk
)
.
The scalars {〈S−1f, fk〉} are called frame coefficients of the vector f ∈ H. The
representation of f in the reconstruction formula need not be unique. This reflects
one of the important properties of frames in applied mathematics.
Let a, b ∈ R and c ∈ R\{0}. We consider operators Ta, Eb, Dc : L2(R)→ L2(R)
given by
Translation by a↔ Taf(t) = f(t− a),
Modulation by b↔ Ebf(t) = e2πibtf(t),
Dilation by c↔ Dcf(t) = |c| 12 f(ct).
A bounded linear operator T defined on H is said to be positive, if 〈Tf, f〉 ≥ 0 for all
f ∈ H. In symbol we write T ≥ 0. If T1, T2 are bounded linear operator on H such
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that T1 − T2 ≥ 0, then we write T1 ≥ T2. A bounded linear operator T : H → H
is said to be hyponormal, if T ∗T − TT ∗ ≥ 0, or equivalently if ‖T ∗f‖ ≤ ‖Tf‖ for
all f ∈ H. The characteristic function of any set E is denoted by χE . By R(T )
we denote the range of a bounded linear operator T from a normed space X into a
normed space Y .
Theorem 2.1. [10] Let H,H1,H2 be Hilbert spaces. Assume that T1 : H1 → H and
T2 : H2 → H be bounded linear operators. The following statement are equivalent:
(i) R(T1) ⊂ R(T2).
(ii) T1T
∗
1 ≤ λ2T2T ∗2 for some λ ≥ 0.
(iii) There exists a bounded linear operator S : H1 → H2 such that T1 = T2S.
3. Wave Packet Frames in L2(R)
Definition 3.1. Let ψ ∈ L2(R), {aj}j∈Z ⊂ R+, {cm}m∈Z ⊂ R and b 6= 0 and let Θ
be a bounded linear operator on L2(R). A system {DajTbkEcmψ}j,k,m∈Z is called
a Θ-irregular Weyl-Heisenberg wave packet frame (in short, Θ-IWH wave packet
frame) for L2(R), if there exist constants 0 < α0 ≤ β0 <∞ such that
α0‖Θ∗f‖2 ≤
∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2 ≤ β0‖Θf‖2 for all f ∈ L2(R). (3.1)
The scalars α0 and β0 are called lower and upper bounds of the Θ-IWH wave
packet frame {DajTbkEcmψ}j,k,m∈Z, respectively. If upper inequality in (3.1) is
satisfied, then {DajTbkEcmψ}j,k,m∈Z is called a Bessel sequence in L2(R) with
Bessel bound β0. If Θ is the identity operator on L
2(R), then Θ-IWH wave packet
frame for L2(R) is the standard IWH wave packet frame for L2(R).
If a countable sequence {fk} in a Hilbert space H satisfies the inequality (3.1),
i.e., if
α0‖Θ∗f‖2 ≤
∞∑
k=1
|〈f, fk〉|2 ≤ β0‖Θf‖2 for all f ∈ H,
then we say that {fk} is a Θ-Hilbert frame for H.
3.1. Examples and comments: Every Θ-Hilbert frame for H is a K-frame for
H, but not conversely. More precisely, if {fk} is a Θ-Hilbert frame for H with
frame bounds α0 and β0. Then, {fk} is a K-frame for H with frame bounds α0
and β0 ‖Θ‖2. The following example shows that a K-frame for H need not be a
Θ-Hilbert frame for H.
Example 3.2. Let {χk} be the canonical orthonormal basis for the discrete signal
space H = L2(Ω, µ) (where Ω = N and µ is the counting measure) and let Θ be the
backward shift operator on H given by
Θ({ξ1, ξ2, ξ3, .......}) = {ξ2, ξ3, .......}, {ξj} ∈ H.
Then, its conjugate Θ∗ is the forward shift operator on H which is given by
Θ∗({ξ1, ξ2, ξ3, .......}) = {0, ξ1, ξ2, ξ3, .......}, {ξj} ∈ H.
Choose fk = χk for all k ∈ N.
We compute
‖Θ∗f‖2 = ‖f‖2 =
∞∑
j=1
|〈f, fk〉|2 for all f = {ξj} ∈ H.
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Hence {fk} is a K-frame (with a choice K = Θ) for H with frame bounds A =
B = 1. But {fk} is not a Θ-Hilbert frame for H. Indeed, let ao and bo be positive
numbers such that
ao‖Θ∗f‖2 ≤
∞∑
k=1
|〈f, fk〉|2 ≤ bo‖Θf‖2 for all f ∈ H. (3.2)
Then, for fo = χ1 ∈ H, we obtain Θfo = 0. Therefore, by using upper inequality
in (3.2), we have fo = 0, a contradiction.
Remark 3.3. A Θ-Hilbert frame for H (Θ 6= I, the identity operator on H) need
not be a standard Hilbert frame for H and vice-versa. Indeed, let H be the discrete
signal space given in Example 3.2 with canonical orthonormal basis {χk}.
Choose fk = χk + χk+1, k ∈ N.
Define Θ : H → H by
Θ(f = {ξ1, ξ2, ξ3, .......}) = {ξ1, ξ1 + ξ2, ξ2 + ξ3, .......}, f = {ξj} ∈ H.
Then, Θ is a bounded linear operator on H and its conjugate operator Θ∗ is given
by
Θ∗({ξ1, ξ2, ξ3, .......}) = {ξ1 + ξ2, ξ2 + ξ3, .......}, {ξj} ∈ H.
One can verify that there exists a γ ∈ (0, 1) such that
γ ‖Θ∗f‖2 ≤
∞∑
j=1
|〈f, fk〉|2 ≤ ‖Θf‖2 for all f ∈ H.
Hence F ≡ {fk} is a Θ-Hilbert frame for H. But F is not a standard Hilbert frame
for H (see Example 5.4.6 in [4], p. 98).
To show that a standard Hilbert frame for H need not be Θ-Hilbert frame for H.
Choose gk = χk, k ∈ N and let Θ be the backward shift operator on H. Then,
G = {gk} is a Hilbert frame for H, but not a Θ-Hilbert frame for H.
Regarding the existence of Θ-IWH wave packet frames for L2(R), we have fol-
lowing examples.
Example 3.4. Let a > 1 and b > 0 and cm = 0 for all m ∈ Z. Choose aj = aj for
all j ∈ Z. Then, there exist ψ ∈ L2(R) such that ψˆ = χE , where E is a compact
subset of R. Therefore,
{DajTbkEcmψ}j,k,m∈Z = {DajTbkψ}j,k∈Z
is an orthonormal basis for L2(R) (see Theorem 12.3 in [16] p. 357), hence a tight
IWH wave packet frame for L2(R) .
Let β ∈ R be arbitrary, but fixed.
Choose Θ = Eβ (the modulation operator on L
2(R)) and dm = cm + β (m ∈ Z).
We compute
‖Θ∗f‖2 = αo‖E∗βf‖2 =
∑
j,k,m∈Z
|〈E∗βf,DajTbkEcmψ〉|2
=
∑
j,k,m∈Z
|〈f,DajTbkEdmψ〉|2
= ‖Θf‖2, for all f ∈ L2(R).
Hence {DajTbkEdmψ}j,k,m∈Z is a Θ-IWH wave packet frame for L2(R).
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Example 3.5. Let Θ : L2(R)→ L2(R) be the multiplication operator given by
Θ(f) = f.χ[0,1], f ∈ L2(R).
Then, Θ is a bounded linear operator on L2(R).
Choose b = 1, aj = 1, cm = 0 (j,m ∈ Z) and ψ = χ[0,1].
Then
{DajTbkEcmψ}j,k,m∈Z = {Tkψ}k∈Z = {χ[k,k+1]}k∈Z.
The system {DajTbkEcmψ}j,k,m∈Z is not a Θ-IWH wave packet frame for L2(R).
Indeed, letB be an upper Θ-IWH wave packet frame bound for {DajTbkEcmψ}j,k,m∈Z.
Let h ∈ L2(R) be a function given by
h(x) =


χ[0,1], x ∈ [0, 1]√
B χ[2,3], x ∈ [2, 3]
0 otherwise.
We compute ∑
j,k,m∈Z
|〈h,DajTbkEcmψ〉|2 =
∑
k∈Z
|〈h, χ[k,k+1]〉|2
= |〈h, χ[0,1]〉|2 + |〈h, χ[2,3]〉|2
= 1 +B.
On the other hand, ‖Θh‖2 = ‖h.χ[0,1]‖2 = 1.
Therefore,
∑
j,k,m∈Z |〈h,DajTbkEcmψ〉|2 = 1 + B > B‖Θh‖2. Hence B is not an
upper Θ-IWH wave packet frame bound for {DajTbkEcmψ}j,k,m∈Z, a contradiction.
3.2. Operators associated with Θ-IWH wave packet frames. Suppose that
F ≡ {DajTbkEcmψ}j,k,m∈Z is a Θ-IWH wave packet frame for L2(R). The operator
T : ℓ2(Z3)→ L2(R) given by
T {cjkm}j,k,m∈Z =
∑
j,k,m∈Z
cjkmDajTbkEcmψ,
is called the pre-frame operator or synthesis operator associated with F and the
adjoint operator T ∗ : L2(R)→ ℓ2(Z3) is given by
T ∗f = {〈f,DajTbkEcmψ〉}j,k,m∈Z
is called the analysis operator associated with F . Composing T and T ∗, we obtain
the frame operator S : L2(R)→ L2(R) given by
Sf = TT ∗f =
∑
j,k,m∈Z
〈f,DajTbkEcmψ〉DajTbkEcmψ. (3.3)
Since F is a Θ-IWH wave packet Bessel sequence in L2(R), the series defining S
converges unconditionally for all f ∈ L2(R). Notice that, in general, frame operator
of the Θ- IWH wave packet frame F is not invertible on L2(R), but it is invertible
on a subspace R(Θ) ⊂ L2(R). In fact, if R(Θ) is closed , then there exist a
pseudoinverse Θ† of Θ such that ΘΘ†f = f for all f ∈ R(Θ), i.e., ΘΘ†|R(Θ) =
IR(Θ), so we have
(
Θ†|R(Θ)
)∗
Θ∗ = I∗
R(Θ). Hence for any f ∈ R(Θ), we obtain
‖f‖ =
∥∥∥(Θ†|R(Θ))∗Θ∗f∥∥∥ ≤ ‖Θ†‖‖Θ∗f‖.
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Therefore, by using (3.3), we can write
〈Sf, f〉 ≥ A‖Θ∗f‖2 ≥ A‖Θ†‖−2‖f‖2 for all f ∈ R(Θ).
That is
A‖Θ†‖−2‖f‖2 ≤ ‖Sf‖2 ≤ B‖f‖2 for all f ∈ R(Θ).
Thus, the operator S : R(Θ) → S(R(Θ)) is a homeomorphism. Furthermore, we
have
B−1‖f‖ ≤ ‖S−1f‖ ≤ A−1‖Θ†‖2‖f‖ for all f ∈ S(R(Θ)).
Next, we characterizes a system {DajTbkEcmψ}j,k,m∈Z ⊂ L2(R) as Θ-IWH wave
packet frame. Let T1 : H→ H and T2 : H1 → H be bounded linear operators, where
H,H1 are Hilbert spaces. We say that the pair (T1, T2) is relatively hyponormal, if
λT ∗1 T1 ≥ T2 T ∗2 for some λ > 0.
In this case we say that T1 and T2 are relatively hyponormal. Aldroubi in [1]
characterized operators on a Hilbert space H, which can generate Hilbert frames
(as images of given frames) for H. Actually, Aldroubi considered operators which
are relative hyponormal with the identity operator on H. The following theorem
characterizes a certain system as a Θ-IWH wave packet frame for L2(R) in terms
of the relative hyponormality of operators.
Theorem 3.6. Let ψ ∈ L2(R), {aj}j∈Z ⊂ R+, {cm}m∈Z ⊂ R and b 6= 0 and let Θ
be a bounded linear operator on L2(R). Then, {DajTbkEcmψ}j,k,m∈Z is a Θ-IWH
wave packet frame for L2(R) if and only if there exist a bounded linear operator
Ξ : ℓ2(Z3)→ L2(R) such that
(i) the pair (Θ,Ξ) is relative hyponormal, i.e., λΘ∗Θ ≥ Ξ Ξ∗ for some λ > 0,
(ii) Ξ(ej,k,m) = DajTbkEcmψ (j, k,m ∈ Z) and R(Θ) ⊂ R(Ξ),
where {ej,k,m}j,k,m∈Z is an orthonormal basis for ℓ2(Z3).
Proof. Suppose first that {DajTbkEcmψ}j,k,m∈Z is a Θ-IWH wave packet frame for
L2(R). Then, we can find positive constants a0, b0 such that
a0‖Θ∗f‖2 ≤
∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2 ≤ b0‖Θf‖2 for all f ∈ L2(R). (3.4)
Define W : L2(R)→ ℓ2(Z3) by
W(f) =
∑
j,k,m∈Z
〈f,DajTbkEcmψ〉ej,k,m.
Clearly, W is a well defined bounded linear operator on L2(R).
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We compute
〈W∗ej,k,m, h〉 = 〈ej,k,m,Wh〉
=
〈
ej,k,m,
∑
j,k,m∈Z
〈h,DajTbkEcmψ〉ej,k,m
〉
=
∑
j,k,m∈Z
〈h,DajTbkEcmψ〉〈ej,k,m, ej,k,m〉
= 〈h,DajTbkEcmψ〉
= 〈DajTbkEcmψ, h〉 for all h ∈ L2(R).
This gives
W∗ej,k,m = DajTbkEcmψ (j, k,m ∈ Z). (3.5)
By using (3.5) and lower frame inequality in (3.4), we obtain
a0‖Θ∗f‖2 ≤
∑
j,k,m∈Z
|〈f,W∗ej,k,m〉|2 = ‖Wf‖2 for all f ∈ L2(R).
This gives a0ΘΘ
∗ ≤ W∗W .
Choose Ξ =W∗. Then, by Theorem 2.1, we have R(Θ) ⊂ R(Ξ). The condition (ii)
in the result is proved.
To show λΘ∗Θ ≥ Ξ Ξ∗ (λ > 0), we consider upper frame inequality in (3.4):
b0‖Θf‖2 ≥
∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2
=
∑
j,k,m∈Z
|〈f,W∗ej,k,m〉|2
= ‖Wf‖2 for all f ∈ L2(R).
This gives b0Θ
∗Θ ≥ W∗W . That is, λΘ∗Θ ≥ Ξ Ξ∗ (λ = b0 > 0). This proves
the condition (i) in the result.
Conversely, assume that both conditions (i) and (ii) given in the theorem hold.
We compute
〈Ξ∗f, h〉 =
〈
Ξ∗f,
∑
j,k,m∈Z
aj,k,mej,k,m
〉
=
∑
j,k,m∈Z
aj,k,m〈f,Ξej,k,m〉
=
∑
j,k,m∈Z
aj,k,m〈f,DajTbkEcmψ〉
=
∑
j,k,m∈Z
〈h, ej,k,m〉〈f,DajTbkEcmψ〉
=
∑
j,k,m∈Z
〈ej,k,m, h〉〈f,DajTbkEcmψ〉
=
〈 ∑
j,k,m∈Z
〈f,DajTbkEcmψ〉ej,k,m, h
〉
,
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for all f ∈ L2(R) and for all h ∈ ℓ2(Z3).
This gives
Ξ∗f =
∑
j,k,m∈Z
〈f,DajTbkEcmψ〉ej,k,m for all f ∈ L2(R). (3.6)
Therefore, by using (3.6) and the condition (i), we have∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2 = ‖Ξ∗f‖2 ≤ λ‖Θf‖2 for all f ∈ L2(R) (λ > 0). (3.7)
By hypothesis R(Θ) ⊂ R(Ξ) (see condition (ii)). So, by Theorem 2.1, we can
find a positive constant β such that ΘΘ∗ ≤ β Ξ Ξ∗ (note that β is positive, since
otherwise Θ = O). Again by using the condition (ii), we have
1
β
‖Θ∗f‖2 ≤ ‖Ξ∗f‖2 =
∑
j,k,m∈Z
|〈Ξ∗f, ej,k,m〉|2
=
∑
j,k,m∈Z
|〈f,Ξej,k,m〉|2
=
∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2 for all f ∈ L2(R). (3.8)
By using (3.7) and (3.8), we conclude that {DajTbkEcmψ}j,k,m∈Z is a Θ-IWH wave
packet frame for L2(R). 
Djordjevic´ in [9] characterized hyponormal operators by using the Moore-Penrose
inverse of a bounded linear operator with a closed range. There may be other
conditions for a bounded linear operator on a Hilbert space to be hyponormal.
Let H and K be Hilbert spaces and A : H → K be a bounded linear operator.
The Moore-Penrose inverse of A is denoted by A†, see [2]. Djordjevic´ proved the
following result by using the Moore-Penrose inverse of a bounded linear operator
with a closed range.
Theorem 3.7. [9] Let A and AA∗ + A∗A have closed ranges. Then the following
statements are equivalent:
(i) A is hyponormal
(ii) 2AA∗(AA∗ +A∗A)†AA∗ ≤ AA∗.
Thus, a bounded linear operator A defined on a Hilbert space is hyponormal if a
certain operator inequality (consisting of adjoint and Moore-Penrose inverse of A)
is satisfied. Frame can be used to characterizes a hyponormal operator on L2(R).
First we define a type of tight frame (or Parseval frame) in L2(R). In Definition 3.1,
if α0 = β0, then {DajTbkEcmψ}j,k,m∈Z is not a standard tight frame, in general.
This is the motivation for new type of tight frames in L2(R).
Definition 3.8. Let Θ 6= I (where I the identity operator on L2(R)). A Θ-Hilbert
frame {fn} ⊂ H for H with frame bounds α0 = β0 is called a (Θ, α0)-Hilbert tight
frame.
The following theorem characterizes hyponormal operators on L2(R) in terms of
(Θ, α0)- Hilbert tight frames for L
2(R).
Theorem 3.9. A bounded linear operator Θ on L2(R) is hyponormal if and only
if there exists a (Θ, 1)-Hilbert tight frame for L2(R).
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Proof. Assume first that Θ is a hyponormal operator on L2(R). Let {DajTbkEcmψ}j,k,m∈Z
be a tight IWH wave packet frame for L2(R).
Then ∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2 = ‖f‖2 for all f ∈ L2(R). (3.9)
Choose fn(n ∈ N)↔ ϕj,k,m = Θ(DajTbkEcmψ), j, k,m ∈ Z.
Then, by using (3.9) and hyponormality of Θ, we compute∑
j,k,m∈Z
|〈f, ϕj,k,m〉|2 =
∑
j,k,m∈Z
|〈f,Θ(DajTbkEcmψ)〉|2
=
∑
j,k,m∈Z
|〈Θ∗f,DajTbkEcmψ〉|2
= ‖Θ∗f‖2
≤ ‖Θf‖2 for all f ∈ L2(R). (3.10)
For the lower frame inequality, we compute
‖Θ∗f‖2 =
∑
j,k,m∈Z
|〈Θ∗f,DajTbkEcmψ〉|2
=
∑
j,k,m∈Z
|〈f,Θ(DajTbkEcmψ)〉|2
=
∑
j,k,m∈Z
|〈f, ϕj,k,m〉|2 for all f ∈ L2(R). (3.11)
By using (3.10) and (3.11) we have
‖Θ∗f‖2 ≤
∑
j,k,m∈Z
|〈f, ϕj,k,m〉|2 ≤ ‖Θf‖2 for all f ∈ L2(R).
Hence {ϕj,k,m}j,k,m∈Z is a (Θ, 1)-Hilbert tight frame for L2(R).
For the reverse part, suppose that {fn} is a (Θ, 1)-Hilbert tight frame for L2(R).
Then
‖Θ∗f‖2 ≤
∞∑
n=1
|〈f, fn〉|2 ≤ ‖Θf‖2 for all f ∈ L2(R).
This gives ‖Θ∗f‖ ≤ ‖Θf‖ for all f ∈ H. Hence Θ is a hyponormal operator on
L2(R). 
Favier and Zalik proved in [13] that the image of a Hilbert frame for H under a
linear homeomorphism is a Hilbert frame for H. They established relation between
optimal bounds of a given Hilbert frame and its image (as frame). This is not
true for Θ-IWH wave packet frame (see Example 3.12), in general. The problem
(regarding invariance behaviour as a frame under linear homeomorphism) for Θ-
IWH wave packet frames can be solved, provided the given linear homeomorphism
commutes with Θ∗. This is proved in the following theorem.
Theorem 3.10. Let F ≡ {DajTbkEcmψ}j,k,m∈Z be a Θ-IWH wave packet frame
for L2(R) and U be a linear homeomorphism on L2(R) such that U commutes with
Θ∗. Then, FU ≡ {U(DajTbkEcmψ)}j,k,m∈Z is a Θ-IWH wave packet frame for
L2(R). Furthermore, if A1 and B1 are optimal bounds of the frame F and the pair
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(Θ, U∗) is relatively hyponormal, then the optimal bounds A2 and B2 of the frame
FU satisfy the inequalities
A1‖U‖−2 ≤ A2 ≤ A1‖U−1‖2 ; γB1‖Θ‖−2 ≤ B2 ≤ B1‖U‖2 (γ > 0). (3.12)
Proof. We compute∑
j,k,m∈Z
|〈f, U(DajTbkEcmψ)〉|2 =
∑
j,k,m∈Z
|〈U∗f,DajTbkEcmψ〉|2
≤ B1‖ΘU∗f‖2
= B1‖U∗Θf‖2
≤ B1‖U∗‖2‖Θf‖2 for all f ∈ L2(R). (3.13)
By using the fact that A1 is one of the choice for lower Θ-IWH wave packet frame
bound for {DajTbkEcmψ}j,k,m∈Z and U commutes with Θ∗, we compute
‖Θ∗f‖2 = ‖Θ∗(UU−1)f‖2
= ‖UΘ∗(U−1f)‖2
≤ ‖U‖2‖Θ∗(U−1f)‖2
≤ ‖U‖
2
A1
∑
j,k,m∈Z
|〈U−1f,DajTbkEcmψ〉|2
=
‖U‖2
A1
∑
j,k,m∈Z
|〈UU−1f, U(DajTbkEcmψ)〉|2
=
‖U‖2
A1
∑
j,k,m∈Z
|〈f, U(DajTbkEcmψ)〉|2. (3.14)
By using (3.13) and (3.14), we obtain
A1‖U‖−2‖Θ∗f‖2 ≤
∑
j,k,m∈Z
|〈f, U(DajTbkEcmψ)〉|2 ≤ B1‖U∗‖2‖Θf‖2 for all f ∈ L2(R).
Hence {U(DajTbkEcmψ)}j,k,m∈Z is a Θ-IWH wave packet frame for L2(R) with
one of the choice of frame bounds A1‖U‖−2, B1‖U‖2.
Since A2 and B2 are best frame bounds for {U(DajTbkEcmψ)}j,k,m∈Z, we have
A1‖U‖−2 ≤ A2, B2 ≤ B1‖U‖2. (3.15)
Again {U(DajTbkEcmψ)}j,k,m∈Z is a Θ-IWH wave packet frame for L2(R) with
A2, B2 as one of the choice of frame bounds. So, for all f ∈ L2(R), we have
A2‖Θ∗f‖2 ≤
∑
j,k,m∈Z
|〈f, U(DajTbkEcmψ)〉|2 ≤ B2‖Θf‖2. (3.16)
For all f ∈ L2(R), we have
‖Θ∗f‖2 = ‖U−1UΘ∗f‖2 = ‖U−1Θ∗Uf‖2 ≤ ‖U−1‖2‖Θ∗Uf‖2. (3.17)
By using (3.16), (3.17) and relative hyponormality of the pair (Θ, U∗) , we have
A2‖U−1‖−2‖Θ∗f‖2 ≤ A2‖Θ∗Uf‖2
≤
∑
j,k,m∈Z
|〈Uf, U(DajTbkEcmψ)〉|2

= ∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2


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≤ B2‖ΘUf‖2
≤ B2‖Θ‖2‖Uf‖2
≤ λB2‖Θ‖2‖Θf‖2 for all f ∈ L2(R), (3.18)
where λ is a positive constant which appears in the relative hyponormality of the
pair (Θ, U∗).
SinceA1 andB1 are the best Θ-IWH wave packet frame bounds for {DajTbkEcmψ}j,k,m∈Z,
by using (3.18), we have
A2‖U−1‖−2 ≤ A1, B1 ≤ λB2‖Θ‖2. (3.19)
The inequalities in (3.12) are obtained from (3.15) and (3.19). The result is proved.

Remark 3.11. The condition that the linear homeomorphism U commutes with
Θ∗ in Theorem 3.10 cannot be relaxed. This is justified in the following example.
Example 3.12. Consider the multiplication operator Θ : L2(R) −→ L2(R) given
by
Θ(f) = f.χ[0,1], f ∈ L2(R).
Then, Θ is a bounded linear self-adjoint operator on L2(R).
Choose aj = 1, cm = m for all j,m ∈ Z, b = 0 and ψ = χ[0,1). Then, {DajTbkEcmψ}j,k,m∈Z
is a Θ-IWH wave packet frame for L2(R). Indeed, for all f ∈ L2(R), we have∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2 =
∑
m∈Z
|〈f, Emχ[0,1)〉|2
=
∑
m∈Z
|〈f,Θ(Emχ[0,1))〉|2
=
∑
m∈Z
|〈Θ∗f, Emχ[0,1)〉|2
= ‖Θ∗f‖2
= ‖Θf‖2
Hence {DajTbkEcmψ}j,k,m∈Z is a Θ-IWH wave packet frame for L2(R).
Choose U◦ = T1, the translation operator on L
2(R), i.e., U◦f(•) = f(• − 1).
Then, U◦ is a linear homeomorphism on L
2(R). First we show that the operator
U◦ and Θ
∗(= Θ) does not commutes. For this, we compute
Θ∗U◦(f)(γ) = U◦(f)(γ).χ[0,1)(γ)
= f(γ − 1).χ[0,1)(γ), (3.20)
and
U◦Θ
∗(f)(γ) = U◦(f.χ[0,1))(γ)
= f(γ − 1).χ[0,1)(γ − 1)
= f(γ − 1).χ[1,2)(γ). (3.21)
By using (3.20) and (3.21), we conclude that the operators U◦ and Θ
∗ does not
commutes.
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Next, we show that the system FU◦ ≡ {U◦(DajTbkEcmψ)}j,k,m∈Z is not a
Θ-IWH wave packet frame for L2(R). Let a◦ and b◦ be a choice of frame bounds
for FU◦ .
Then
ao‖Θ∗f‖2 ≤
∞∑
k=1
|〈f, U◦(DajTbkEcmψ)〉|2 ≤ bo‖Θf‖2 for all f ∈ H. (3.22)
Choose f◦ = χ[0,1[ ∈ L2(R). Then, ‖Θ∗f◦‖ = 1.
Then, by using lower inequality in (3.22), we compute
a◦ = a◦‖Θ∗f◦‖2 ≤
∑
j,k,m∈Z
|〈f◦, U◦(DajTbkEcmψ)〉|2 =
∑
j,k,m∈Z
|〈U∗◦ f◦, DajTbkEcmψ〉|2
=
∑
m∈Z
|〈U∗◦ f◦, Emψ〉|2
= ‖Θ(U∗◦f◦)‖2
= ‖Θ(χ[−1,0))‖2
= ‖χ[−1,0).χ[0,1)‖2
= 0,
a contradiction. Hence FU◦ is not a Θ-IWH wave packet frame for L2(R).
4. Linear Combinations of Θ-IWH Wave Packet Frames
Linear combination of frames (or redundant building blocks) is important in
applied mathematics. Aldroubi in [1] considered the following problem: given a
Hilbert frame {fk} for H, define a set of functions Φj by taking linear combinations
of the frame elements fk. What are the conditions on the coefficients in the linear
combinations, so that the new system {Φj} constitutes a frame for H ? More
precisely, Aldroubi considered a linear combination of the form
Φj =
∞∑
k=1
αj,kfk, (j ∈ N)
where αj,k are scalars. Aldroubi proved sufficient conditions on {αj,k} such that
{Φj} constitutes a frame for H. Christensen in [5] gave sufficient conditions which
are different from those proved by Aldroubi. In this section, we extend some results
by Kaushik et al. in [19] to Θ-IWH wave packet frames for L2(R).
Let {DajTbkEcmψ}j,k,m∈Z be a Θ-IWH wave packet frame for L2(R). First we
consider a linear combination of the form:
Φr,s,t =
∑
(j,k,m)∈Ir,s,t
αj,k,mDajTbkEcmψ, (r, s, t ∈ Z), (4.1)
where
⋃
r,s,t∈Z
Ir,s,t = Z × Z × Z, Ir,s,t
⋂
Ir′,s′,t′ = ∅, (r, s, t) 6= (r′, s′, t′) for all
r, s, t, r′, s′, t′ ∈ Z and αj,k,m are scalars. The system {Φr,s,t}r,s,t∈Z is not a Θ-
IWH wave packet frame for L2(R), in general. This type of combinations under
the WH-packet for Gabor system were studied by Kaushik et al. [19]. The following
theorem gives necessary and sufficient conditions for the system {Φr,s,t}r,s,t∈Z to
be a Θ-IWH wave packet frame for L2(R). This is an adaption of [19, Theorem
3.5].
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Theorem 4.1. Let Θ be a bounded linear operator on L2(R) such that Θ∗ is hy-
ponormal. Assume that {DajTbkEcmψ}j,k,m∈Z is a Θ-IWH wave packet frame
for L2(R) and {Φr,s,t}r,s,t∈Z ⊂ L2(R) be the sequence defined in (4.1). Let
T : ℓ2(Z3)→ ℓ2(Z3) be a bounded linear operator such that
T ({〈DajTbkEcmψ, f〉}j,k,m∈Z) = {〈Φr,s,t, f〉}r,s,t∈Z, f ∈ L2(R).
Then, {Φr,s,t}r,s,t∈Z is a Θ-IWH wave packet frame for L2(R) if and only if there
exists a constant λ > 0 such that∑
r,s,t∈Z
|〈Φr,s,t, f〉|2 ≥ λ
∑
j,k,m∈Z
|〈DajTbkEcmψ, f〉|2 for all f ∈ L2(R). (4.2)
Proof. Assume first that {Φr,s,t}r,s,t∈Z is a Θ-IWH wave packet frame for L2(R)
with frame bounds A′, B′. Then, for any f ∈ L2(R), we have∑
r,s,t∈Z
|〈Φr,s,t, f〉|2 ≥ A′‖Θ∗f‖2. (4.3)
If B is an upper Θ-IWH wave packet frame bound for {DajTbkEcmψ}j,k,m∈Z, then∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2 ≤ B‖Θf‖2, f ∈ L2(R).
i.e.
1
B
∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2 ≤ ‖Θf‖2, f ∈ L2(R). (4.4)
Choose λ = A
′
B
> 0. Then, by using hyponormality of Θ∗, (4.3) and (4.4), we have
∑
r,s,t∈Z
|〈Φr,s,t, f〉|2 ≥ A′‖Θ∗f‖2
≥ A′‖Θf‖2
≥ λ
∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2 for all f ∈ L2(R).
The inequality given in (4.2) is proved.
For the reverse part, since {DajTbkEcmψ}j,k,m∈Z is a Θ-IWH wave packet frame
for L2(R). There exist positive constants A,B such that
A‖Θ∗f‖2 ≤
∑
j,k,m∈Z
|〈f,DajTbkEcmψ〉|2 ≤ B‖Θf‖2 for all f ∈ L2(R). (4.5)
By using (4.2) and (4.5), we have∑
r,s,t∈Z
|〈Φr,s,t, f〉|2 ≥ λ
∑
j,k,m∈Z
|〈DajTbkEcmψ, f〉|2
≥ λA‖Θ∗f‖2 for all f ∈ L2(R). (4.6)
We compute ∑
r,s,t∈Z
|〈Φr,s,t, f〉|2 = ‖{〈Φr,s,t, f〉}r,s,t∈Z‖2ℓ2(Z3)
= ‖T ({〈DajTbkEcmψ, f〉}j,k,m∈Z)‖2ℓ2(Z3)
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≤ ‖T ‖2
∑
j,k,m∈Z
|〈DajTbkEcmψ, f〉|2
≤ ‖T ‖2B‖Θf‖2 for all f ∈ L2(R). (4.7)
By using (4.6) and (4.7), we conclude that {Φr,s,t}r,s,t∈Z is a Θ-IWH wave packet
frame for L2(R). 
4.1. The case of finite sum: We now consider a linear combination of the form
Fp ≡
{
p∑
s=1
αsDajTbkEcmψs
}
j,k,m∈Z
, where α1, α2, ..., αp are nonzero scalars,
ψs ∈ L2(R) and {DajTbkEcmψs}j,k,m∈Z is a Θ-IWH wave packet frame for L2(R)
for each s ∈ Λp = {1, 2, 3, .., p} . The finite sum Fp is not a Θ-IWH wave packet
frame for L2(R), in general. Kaushik, Singh, and Virender [19] showed that if some
scalar multiple of a series associated with a Gabor frame is dominated by the series
associated with the finite sum of Gabor frames, then the finite sum constitutes a
Gabor frame for the underlying space and vice-versa, see Theorem 4.2 of [19]. The
following theorem extend this result in the context of Θ-IWH wave packet frame
for L2(R).
Theorem 4.2. Assume that Θ : L2(R)→ L2(R) is a bounded linear operator such
that Θ∗ is hyponormal. Let {DajTbkEcmψs} j,k,m∈Z
s∈Λp
be a finite family of Θ-IWH
frames for L2(R). Then, Fp ≡
{
p∑
s=1
αsDajTbkEcmψs
}
j,k,m∈Z
is a Θ-IWH wave
packet frame for L2(R) if and only if there exists µ > 0 and some ξ ∈ Λp such that
µ
∑
j,k,m∈Z
|〈DajTbkEcmψξ, f〉|2 ≤
∑
j,k,m∈Z
∣∣∣∣∣
〈
p∑
s=1
αsDajTbkEcmψs, f
〉∣∣∣∣∣
2
, f ∈ L2(R)
for any finite sequence of scalars {αs}.
Proof. LetAξ, Bξ be frame bounds for Θ-IWH wave packet frame {DajTbkEcmψξ}j,k,m∈Z
for L2(R) (1 ≤ ξ ≤ p).
Then
µAξ‖Θ∗f‖2 ≤ µ
∑
j,k,m∈Z
|〈DajTbkEcmψξ, f〉|2
≤
∑
j,k,m∈Z
∣∣∣∣∣
〈
p∑
s=1
αsDajTbkEcmψs, f
〉∣∣∣∣∣
2
, f ∈ L2(R). (4.8)
Thus, the lower frame condition is satisfied for the finite system Fp.
For the upper frame condition, we compute
∑
j,k,m∈Z
∣∣∣∣∣
〈
p∑
s=1
αsDajTbkEcmψs, f
〉∣∣∣∣∣
2
=
∑
j,k,m∈Z
∣∣∣∣∣
p∑
s=1
αs〈DajTbkEcmψs, f〉
∣∣∣∣∣
2
≤
∑
j,k,m∈Z
[
p∑
s=1
∣∣αs〈DajTbkEcmψs, f〉∣∣
]2
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≤
p∑
s=1

|αs|2 ∑
j,k,m∈Z
|〈DajTbkEcmψs, f〉|2


≤
(
p max
1≤s≤p
|αs|2
p∑
s=1
Bs
)
‖Θf‖2, f ∈ L2(R).
(4.9)
By (4.8) and (4.9), we conclude that the finite sum Fp is a Θ-IWH wave packet
frame for L2(R).
Conversely, assume that the finite sum Fp is a Θ-IWH wave packet frame for L2(R)
with frame bounds A,B. Then, for all f ∈ L2(R), we have
A‖Θ∗f‖2 ≤
∑
j,k,m∈Z
∣∣∣∣∣
〈
p∑
s=1
αsDajTbkEcmψs, f
〉∣∣∣∣∣
2
. (4.10)
If Bξ is an upper frame bound for {DajTbkEcmψξ}j,k,m∈Z, then
1
Bξ
∑
j,k,m∈Z
|〈f,DajTbkEcmψξ〉|2 ≤ ‖Θf‖2, f ∈ L2(R). (4.11)
Choose µ = A
Bξ
> 0. Then, using hyponormality of Θ∗, (4.10) and (4.11) we have
µ
∑
j,k,m∈Z
|〈DajTbkEcmψξ, f〉|2 ≤ A‖Θf‖2
≤ A‖Θ∗f‖2
≤
∑
j,k,m∈Z
∣∣∣∣∣
〈
p∑
s=1
αsDajTbkEcmψs, f
〉∣∣∣∣∣
2
, f ∈ L2(R).
The theorem is proved. 
Application: The following example gives an application of Theorem 4.2.
Example 4.3. Let Θ : L2(R) → L2(R) be the modulation operator. That is,
Θf(t) = e2πibtf(t), where b ∈ R is fixed. Then, Θ∗ is hyponormal on L2(R).
Choose ψ = χ[0,1[, aj = 1, b = 1, cm = m for all j,m ∈ Z and ψs = ψ for all s ∈ Λp.
Then, for any nonzero scalars α1, α2, ..., αp with
∑p
s=1 αs 6= 0, we have
∑
j,k,m∈Z
∣∣∣∣∣
〈
p∑
s=1
αsDajTbkEcmψs, f
〉∣∣∣∣∣
2
=
∑
j,k,m∈Z
∣∣∣∣∣
〈
p∑
s=1
αsDajTbkEcmψ, f
〉∣∣∣∣∣
2
= |
p∑
s=1
αs|2
∑
j,k,m∈Z
|〈DajTbkEcmψξ, f〉|2, f ∈ L2(R),
where ψξ = χ[0,1).
Choose µ = |∑ps=1 αs|2 > 0.
Then
µ
∑
j,k,m∈Z
|〈DajTbkEcmψξ, f〉|2 =
∑
j,k,m∈Z
∣∣∣∣∣
〈
p∑
s=1
αsDajTbkEcmψs, f
〉∣∣∣∣∣
2
for all f ∈ L2(R).
By Theorem 4.2, the finite system Fp is a Θ-IWH wave packet frame for L2(R).
WAVE PACKET FRAMES 17
This work is jointly with A. K. Sah and Deepshikha
Acknowledgement
Lalit is supported by R & D Doctoral Research Programme, University of Delhi,
Delhi-110007, India. Grant No. : RC/2014/6820.
References
1. A. Aldroubi, Portraits of frames, Proc. Amer. Math. Soc., 123 (1995), no. 6, 1661–1668.
2. A. Ben-Israel, T.N.E. Greville, Generalized Inverses: Theory and Applications, second ed.,
Springer (2003).
3. P. G. Casazza and G. Kutyniok, Finite frames: Theory and Applications, Birkha¨user (2012).
4. O. Christensen, Introduction to frames and Riesz bases, Birkha¨user (2003).
5. O. Christensen, Linear combinations of frames and frame packets, Zeit. Anal. Anwen., 20
(2001), no. 4, 805–815.
6. A. Cordoba and C. Fefferman, Wave packets and Fourier integral operators, Comm. Partial
Differential Equations, 3 (11) (1978), 979–1005
7. W. Czaja, G. Kutyniok and D. Speegle, The Geometry of sets of prameters of wave packets,
Appl. Comput. Harmon. Anal., 20 (2006), 108–125.
8. I. Daubechies, A. Grossmann and Y. Meyer, Painless non-orthogonal expansions, J. Math.
Phys., 27 (1986), 1271–1283.
9. D. S. Djordjevic´, Characterizations of normal, hyponormal and EP operators, J. Math. Anal.
Appl., 329 (2007), 1181–1190.
10. R. G. Douglas, On majorization, factorization and range inclusion of operators on Hilbert
space, Proc. Amer. Math. Soc., 72 (1966), no. 2, 413-415.
11. R. J. Duffin and A. C. Schaeffer, A class of nonharmonic Fourier series, Trans. Amer. Math.
Soc., 72 (1952), 341–366.
12. H.G. Feichtinger, T. Werther, Atomic systems for subspaces, in: L. Zayed (Ed.), Proceedings
SampTA 2001, Orlando, FL (2001), 163-165.
13. S. J. Favier and R. A. Zalik , On the stability of frames and Riesz bases, Appl. Comput.
Harmon. Anal., 2 (1995), 160–173.
14. L. Gaˇvruta, Frames for operators, Appl. Compu. Harmon. Appl., 32 (2012), 139–144.
15. K. Guo and D. Labate, Some remarks on the unified characerization of reproducing systems,
Collect. Math., 57 (3) (2006), 309-318.
16. C. Heil, A Basis Theory Primer, Expanded edition. Applied and Numerical Harmonic Anal-
ysis. Birkha¨user/Springer, New York (2011).
17. E. Herna´ndez, D. Labate and G. Weiss, A unified characterization of reproducing systems
generated by a finite family II, J. Geom. Anal., 12 (4) (2002), 615-662.
18. E. Herna´ndez, D. Labate, G. Weiss and E. Wilson, Oversampling, quasi-affine frames and
wave packets, Appl. Comput. Harmon. Anal., 16 (2004,) 111–147.
19. S. K. Kaushik, G. Singh and Virender, On WH packets in L2(R), Commun. Math. Appl. 3
(2012), 333–344.
20. D. Labate, G. Weiss and E. Wilson, An approach to the study of wave packet systems, Con-
temp. Math., 345 (2004), 215–235.
21. M. Lacey, C. Thiele, Lp estimates on the bilinear Hilbert transform for 2 < p < ∞, Ann.
Math., 146 (1997), 693-724.
22. M. Lacey, C. Thiele, On Caldero´n’s conjecture, Ann. Math., 149 (1999), 475–496.
L. K. Vashisht, Department of Mathematics, University of Delhi, Delhi-110007, India
E-mail address: lalitkvashisht@gmail.com
